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Abstract. Function spaces are central topic in analysis. Often those spaces and related analysis 
involves symmetries in form of an action of a Lie group. Coorbit theory as introduced by Feichtinger 
and Grochenig and then later extended in [3] gives a unified method to construct Banach spaces of 
functions based on representations of Lie groups. In this article we identify the homogeneous Besov 
spaces on stratified Lie groups introduced in [13] as coorbit spaces in the sense of [3] and use this 
to derive atomic decompositions for the Besov spaces. 



Introduction 

Banach spaces of functions are central topics in analysis on M". Those spaces are usually translation 
invariant, a property that can be expressed as invariance under the Lie group M" acting on itself. 
More generally, one considers Banach spaces defined on a manifold X and invariant under an action 
of a Lie group G. This simple idea combines two central topics in mathematics: Harmonic analysis 
on manifolds and representation theory of Lie groups. This idea was exemplified in the fundamental 
construction of Feichtinger and Grochenig [6^ ^Sj where the authors proposed a unified way to 
construct function spaces based on representation theory. This method was generalized in [2] by 
removing some assumptions on the representation from the work of Feichtinger and Grochenig, and 
a method for atomic decompositions of these spaces was developed in [Jj. Similar techniques for 
decomposition can be found in for example [16] and [11], but the use of differentiable representations 
in [1] makes those results particularly convenient for our purposes. 

A different way to introduce function spaces is to use smoothness conditions. As important 
examples of that are the well known Besov and and Triebel-Lizorkin-type spaces. Often those 
spaces are described using Littlewood-Paley methods [12], but they can also be described using 
wavelet type decompositions, see [IT] and the reference therein. Stratified Lie groups are natural 
objects for extending this line of study, since they come with natural dilations and a sub-Laplacian 
satisfying the Hormander conditions. 

The inhomogeneous Besov spaces on stratified Lie groups was introduced by Saka [22] . A charac- 
terization of inhomogeneous Besov groups in terms of Littlewood-Paley-decomposition was shown 
for all groups of polynomial growth in The construction of the homogeneous Besov spaces was 
extended to stratified Lie groups in [13] using a discrete collection of smooth band-limited wavelets 
with vanishing moments of all orders. These wavelets were introduced in [15]. In [13], it was also 



shown that the definition is equivalent with a definition in terms of the heat semigroup {e~*^}f>o 
for C, the sub-Laplacian operator for the group G. In this paper we extend this result and show 
that the definition of Besov spaces also coincides with a definition based on a family of operators 
{(p{tC)}t>o where ip £ C^(M"'") (Theorem 12. 9p . We further use a representation theory approach 
to show that the homogeneous Besov spaces on stratified Lie groups in [13] are coorbit spaces in 
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the sense of [21 [3] and to use the results of [Ij to obtain atomic decompositions and frames for those 
spaces. 

The article is organized as follows. In Section [1] we recall the definition of coorbit spaces and 
their atomic decomposition as needed for the theory of Besov spaces. The details and proofs can be 
found in [2l[Tl[3]. We start Section [2] by recalling the basic definitions for stratified Lie groups. In 
particular we introduce the sub-Laplacian and its spectral theory. This enables us to formulate the 
needed results from [13]. In particular we recall in Theorem 12 . 61 some properties of the homogeneous 
Besov spaces and their descriptions in terms of the heat kernel: For any k £ N, \s\ < 2k, and any 
/e5o*(G) 

where C is the sub-Laplacian ([13j, Theorem 4.4). This description is not well adapted to the 
coorbit theory. For that we need to replace the heat kernel by a smooth bandlimited function u. 
This is achieved in Theorem 12. 9^ which is the fundamental step in describing the Besov spaces 
as coorbit spaces and their atomic decomposition in Theorem 13.51 Let 1 < p,q < oo and s G M. 
Let u G 5(M+) be compactly supported and satisfying some extra conditions. If u denotes the 
distribution kernel of u{C), then u is an analyzing vector and up to norm equivalence 

i?Q-2^/«(G) = Co^„(^)Lf'''. 

Here Q is the homogeneous degree of the stratified Lie group G. 

1. Coorbit spaces and their atomic decomposition 

In this section we introduce the notion of coorbit spaces based on [21 [3]. We then discuss the 
discretization from [1] of reproducing kernel Banach spaces and apply it to coorbit spaces. 

1.1. Construction. The starting point is a continuous representation vr of a locally compact group 
G on a Frechet space S. In most applications the space S has a natural candidate. Let S* be 
the conjugate linear dual equipped with the weak* topology and assume that S is continuously 
embedded and weak* dense in S*. The conjugate linear dual pairing of elements v G S and (j) £ S* 
will be denoted by {(j),v). In particular {u,v) G C is well defined for u,v £ S and if {u,v) = for 
all V G S then n = 0. 

A vector v £ S is called cyclic if {(j), tt{x)v) = for all x G G means that (/> = in S*, and if such 
a vector exists vr is called a cyclic representation. Define the contragradient representation (vr* , S* ) 
by 

{'K*{x)(t),v) := ((/),7r(x"^)t>). 

Then vr* is a continuous representation of G on S"*. 

For a fixed vector u £ S the wavelet transform Wu ■ S* C{G) 

Wumx) := (0,7r(x)n) = {7t*{x-^)cI),u). 

is a linear mapping. Note that Wu is injective if and only if u is cyclic. 

Denote by ix and r^ the left and right translations on functions on G given by 

:= fix~'^y) and r^fiy) := /(yx). 

A Banach space of functions B is called left invariant if / G i? implies that £xf G B for all x G G 
and there is a constant Cx such that px/lle < C'xII/IIb for all / G B. Define right invariance 
similarly. We will always assume that for each non-empty compact set U there is a constant Cu 
such that for all / G i? 

sup ll^y/llfi < Gc/||/||b and sup ||rj^/||B < G(7|1/|1b. 



COORBIT DESCRIPTION AND ATOMIC DECOMPOSITION OF BESOV SPACES 



3 



If X ixf oi X Vxf are continuous from G to B for all / € then we say that left or right 
translation are continuous respectively. 

Fix a Haar measure fi on G. We will only work with spaces B of functions on G for which con- 
vergence in B implies convergence (locally) in left Haar measure on G. Examples of such spaces are 
all spaces continuously included in some L^{G) for 1 <p< oo. When f,g are measurable functions 
on G for which the product f{x)g{x~^y) is integrable for all y G G we define the convolution f * g 

Jg 

For a function / on G we define /^(x) := f{x^^) and /* := We will frequently use that for 
/ € L^(G), the adjoint of the convolution operator g i-^ g * f is provided by /i i— )• /i * /*. 
For a given representation (vr, S) and a vector u G 5 define the space 

B^ ■.= {fGB\f = f*Wu{u)} 

with norm inherited from B. Furthermore define the space 

Co^sB := {(P e S* \Wu{^) € B} 

with norm \\<f>\\ = \\Wu{(I))\\b- In [3J minimal conditions were listed to ensure that a B^ and Co^B 
are isometrically isomorphic Banach spaces. In that case, the space Co^B is called the coorhit space 
of B with respect to u and {tt,S). In this paper we only need the following result which can be 
found in [3]. 

Theorem 1.1. Let tt be a cyclic representation of a group G on a Frechet space S which is 
continuously included in its conjugate dual S* . Fix a cyclic vector u & S and assume that Wu{4>) * 
Wu{u) = Wu{(p) for all (p £ S* . If for the Banach function space B the mapping 

BxS^C, {f,v)^ [ f{x)W,{uy{x)dfi{x) (1) 

Jg 

is well defined and continuous, then 

(a) The space Co^B is a tt* -invariant Banach space. 

(b) The space B^ is a left invariant reproducing kernel Banach subspace of B . 

(c) Wu ■ Co^B — )• Bu is an isometric isomorphism which intertwines vr* and left translation. 

(d) If left translation is continuous on B, then vr* acts continuously on CogB. 

(e) Co^i? = {7r*(/)n| /Gi?„}. 

A vector u satisfying the requirements of the theorem is called an analyzing vector. 

Remark 1.2. Note that the condition ^^ implies, in particular, that for a fixed u £ S we have 
T^*{f) G S* for all f € B. Also, if S is dense in a Hilbert space H and tt extends to an unitary 
representation, also denoted by it, of G on H such that for u,v G S (or H) {u,v) = {u,v), then ^^ 
says that 

{f,v)^if,Wuiv)) 

is continuous, where the (•, •) on the right refer to the Kothe dual pairing on B. 

1.2. Atomic decompositions and frames. The previous section sets up a correspondence be- 
tween a space of distributions and a reproducing kernel Banach space. We now investigate the dis- 
cretization operators introduced in [7] and [TB], but we do so without assuming integrability of the 
reproducing kernel. The reproducing kernel Banach space B^ has reproducing kernel Wu{u){y~^x) 
and is continuously included in an ambient Banach space B. From now on we will assume that the 
space B is solid, which means that ii g £ B and |/(a;)| < \g{x)\ /^-almost everywhere then f £ B 
and < \\g\\B. 

Frames and atomic decompositions for Banach spaces were first introduced in [16] in the following 
manner. 
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Definition 1.3. Let B he a Banach space and B"^ a Banach sequence space with index set I. If 
for Xi G B* and (pi (z B we have 

(a) {A. G B* for all f G B; 

(b) the norms ||Ai(/)||^# and are equivalent; 

(c) / can be written as f = Y^iel ^iiD^H 

then {{X'i, 4'i)}iei is an atomic decomposition of B with respect to i?*. 

More generally a Banach frame for a Banach space can be defined as: 

Definition 1.4. Let B be a Banach space and a Banach sequence space with index set I. If 
for Aj G B* we have 

(a) {W)hel e B# for all f e B, 

(b) the norms ||Aj(/)||^# and are equivalent, 

(c) there is a bounded reconstruction operator T : B"^ B such that T({Aj(/)}jg/) = /, 
then {Xi}i£i is an Banach frame for B with respect to B"^. 

In the sequel we will often suppress the use of the index set /. 

The Banach sequence spaces we will use were introduced in [7j and they are constructed from a 
solid Banach function space B as described below. For a compact neighbourhood U of the identity 
we call the sequence {xjjjg/ [/-relatively separated if G C XiU and there exists G N such that 

sup(#{j I XiU n XjU + 0}) < N. 

i 

For a J7-relatively separated sequence X = {xjjjg/ define the space to be the collection of 

sequences {Ajjig/ for which the pointwise sum 

XI |Ai|lx,c/(a;) 

defines a function in i?. If the compactly supported continuous functions are dense in B then this 
sum also converges in norm (for an argument see [SOj Lemma 4.3.1). Equipped with the norm 

IIIAJIIb* := II X \K\'^x,u\\b 

the space B'^{X) is a solid Banach sequence space, i.e., if r = {rj} and A = {Aj} are sequences 
such that A G B'^{X) and for alH G / we have |ri| < |Aj|, then r G B'^{X) and ||r|| < ||A||. In the 
case were B = LP{G) we have B*{X) = eP{I). 

For fixed X = {xi}i^j the space only depends on the compact neighborhood U up 

to norm equivalence. Further, if X = {xi}i£i and Y = {yi}i^j are two [/-relatively separated 
sequences with same index set such that x~^yi G V for some compact set V, then B*{X) = B*{Y) 
with equivalent norms. For these properties consult Lemma 3.5 in 

For a given compact neighbourhood U of the identity a sequence of non-negative functions {V^i} is 
called a bounded uniform partition of unity subordinate to U (or [/-BUPU), if there is a [/-relatively 
separated sequence {xj}, such that supp(V'i) C XiU and for all x G G we have 'Yli'^ii^) — ^- Note 
that for a given x G G this sum is over finite indices. 

1.3. Discretization operators for reproducing kernel Banach spaces on Lie groups. Let 

G be Lie group with Lie algebra q and exponential map exp : g — )• G. Then for X G g we define 
the right and left differential operators (if the limits exist) 

o(v\fi \ V /(^exp(tX)) - /(x) T(v\f( \ V /(exp(-tX)x) - /(x) 

R{X)f{x) := hm and L{X)f{x) := lim . 

t^o t t^o t 
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We note that R{[X,Y]) = R{X)R{Y) - R{Y)R{X) and L{[X,Y]) = L{X)L{Y) - L{Y)L{X). Fix 
a basis {Xi}'^]^^'^ for g. For a multi index a of length |a| = k with entries between 1 and dim(G) 
we introduce the operator i?" of subsequent right differentiations 

:= R{Xa(k))R{Xa{k-l)) ■ ■ ■ R{Xa{l))f- 

Similarly we introduce the operator of subsequent left differentiations 

L°/ := L{Xa(k))L{Xa{k-l)) ■ ■ ■ L{Xa(l))f. 

We call the function / right (respectively left) differentiable of order n, if for every x and all \a\ < n 
the derivatives R°'f{x) (respectively L°'f{x)) exist. 
In the remainder of this section we will assume that 

(a) is a solid left- and right-invariant Banach function space on which right translation is 
continuous. 

(b) The kernel $ is smooth and satisfies <!> * <I) = <1). 

(c) The mappings f ^ f * \L°'^\ and f ^ f * \R"^\ are continuous on B for all a with 
\a\ < dim(G). 

By setting a = we see that convolution with <I> is a continuous projection from B onto the 
reproducing kernel Banach space 

5$ :={/Gi? I / *$ = /}. 

We now describe sampling theorems and atomic decompositions for the space B^ based on the 
smoothness of the (not necessarily integrable) reproducing kernel <1>. The results can be found in 
[l] and build on techniques from [3 [H [16], where it should be mentioned that integrability is 
required. For integrable kernels not parametrized by groups see also [llj and [4]. 

Lemma 1.5. The mapping 

B* 3{Xi}^Y,X^£,^^eB^ 

i 

is continuous. The convergence of the sums above is pointwise, and if Cc{G) is dense in B the 
convergence is also in norm. 

From now on we let Ue denote the set 

:= |exp(tiXi) • • • exp(t„X„) — e < tfc < e, 1 < A; < n| . 

Theorem 1.6. With the assumptions on B and $ listed above we can choose e small enough that 
for any U^-BUPU {ipi} the following three operators are all invertible on B^. 

Tif ■.= Y,fi^^)i^i*^) 

i 

T2f := ^ Ai(/)4,^ with A,(/) = / /(x)V'^(x) dx 

i 

Tsf := ^ Cif{xi)£x^^ with Ci = J ipi{x) dx. 
i 

The convergence of the sums above is pointwise and, if Cc{G) is dense in B, the convergence is also 
in norm. Furthermore both {Aj(r2~"^/), ^^^.^j and {cjT3~"^/(xj), 4.$} are atomic decompositions of 
B^ and {cj^.^} is a frame. 
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1.4. Decomposition of coorbits using smoothness. To obtain frames and atomic decomposi- 
tions via Tlieorem 11.61 we will need to introduce differentiability with respect to vr and tt*. A vector 
u € S" is called 7r-weakly differentiable in the direction X £ Qif there is a vector, denoted by 7r{X)u, 
in S such that for all (p £ S* 

(c/>,^(X)u) = ||^^^(0,vr(e*^)n). 

For a fixed basis {Xi} C q and for a multi-index a define Tr{X")u (when it makes sense) by 

(</>,7r(X")u) := ((/>,7r(X„(fc))7r(X^(fc_i)) • • •7r(X„(i))n). 

We note that if = Wu{(l)){x) and u is vr-weakly differentiable, then i2'^$(a;) = WT^(^x<^)uiu){x). 
We have similar notion for the representation (Tr*,^*). A vector <f) £ S* is called 7r*-weakly dif- 
ferentiable in the direction X £ g if there is a vector denoted 7r*{X)(j) € S* such that for all 

{n*{X)<P,v)=^^ (vr*(e*^)0,t;). 



dt 



t=o 



For a multi- index a define ■7T*{X")(p by (when it makes sense) 

7r*(X"),/. = 7r*(X,(fc))7r*(X,(fc_i)) ■ ■ ■ 7r*(X„(i))(/) 

We say that v £ S, respectively (j) £ S* , is /c-times differentiable if tt{X°')v, respectively 7r*(X")(/), 
exists for all a with |q[ < k. We note that if ^(x) = Wu{4>){x) and (j) is 7r*-weakly differentiable, 
then L"$(a;) = Wu{TT*{X")(j)){x). The following result provides atomic decompositions and frames 
for coorbit spaces. 

Theorem 1.7. Let B be a solid and left and right invariant Banach function space for which right 
translations are continuous. Assume that u £ S C S* is both tt- and tt* -weakly differentiable and 
satisfies the requirements in Theorem Furthermore assume the mappings 

f^f* VF,(x-)«(^^) andf^f* Wu{tt*{X")u) 

are continuous on B for \a\ < dim(G). Then we can choose e small enough that for any U^- 
relatively separated set {xi} the family {TT{xi)u} is a frame for CogB. Furthermore the families 
{Xi o Tg"^ o Wu,TT(xi)u} and {cjTg"^ o Wu,TT{xi)u} both form atomic decompositions for Co^B. In 
particular <j) £ CogB can be reconstructed by 

cl) = Y>^iiT2^WumTT{Xi.)u 
i 

(j) = Y(^iiTi^Wu{^)){x,)TT{Xi)u 
i 

The convergence of the last two sums is in S*, and with convergence in CogB if Cc{G) is dense in 
B. Here is any Ue-BUPU for which supp{ipi) C XiU^. Ti,T2,T3 and Ci and Aj are defined as 
in Theorem \1.6l 



2. BeSOV SPACES ON STRATIFIED LlE GROUPS 

In this section we introduce the notion of stratified Lie groups. We collect some needed fundamental 
work by Folland, Hulanicki and Stein [9l[ini[l9]. We then introduce homogeneous Besov spaces for 
stratified Lie groups following [13]. Our main result in this section is Theorem 12.91 which is crucial 
for coorbit description and atomic decomposition of the Besov spaces. 
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2.1. Stratified Lie groups. A connected and simply connected Lie group G is called stratified if 
its Lie algebra g decomposes direct sum 

m 

Q = Vi® ■ ■ ■ ®Vra = such that [Fi, Vfe] = Vk+i for 1 < A; < m 

i=i 

where we set Kn+i = {0}, see [9]. Note that induction shows that 

[Vi,Vj]<ZVi+jioii,j>l. (2) 

Thus g is step m nilpotent. From now on q is assumed stratified with fixed stratification (Vi, . . . , Vm)- 
We identify G with g through the exponential map. The multiplication is then given by the Cambell- 
HausdorfF formula. Examples of stratified Lie groups are Euclidean spaces W^, the Heisenberg group 
H'^, and the upper triangular matrices with ones on the diagonal. 

For r > define the (5,. : g — )• g by 5r{X) = r^X ii x E V^. Equation ([2]) shows that 5r is an 
automorphism of g. The family {5r}r>o is called the canonical family of dilations for g. It gives 
rise to dilations '■ G ^ G given by 

7r(a;) = exp o^^ o log(x) 

with log = exp~^. We note that 7,. is a homomorphism, and following we often write rx for 

The Lebesgue measure on g defines a left and right Haar measure fic on G. We will often write 
dx instead of d^cix). Let the number Q := ^™j(dim Vj) be the homogeneous degree of G, then 
we have 

/ f{rx) dx = l f{x) dx. 

Jg Jg 

For example, the homogenous degrees for G = M" and are Q = n and Q = 2n + 2, respectively. 

A homogeneous norm on G is a map | • | : G ^ [0, 00), x \x\, which is continuous and smooth, 
except at zero, and satisfies the following: 

(a) |x| = if and only if x = 0, 

(b) \rx\ = r\x\ for all r > 0, and x E G, 

(c) |x| = \x~^\. 

Homogenous norms always exist on stratified Lie groups jnilO]. For example, on the Heisenberg 
group H" with the underlying manifold M?^ x M, a homogenous norm is given by 



It follows by [9], Lemma 1.2, that the balls {x (z G \ \x\ < R} are compact and by [9], Lemma 1.4, 
there exists a constant G > such that \xy\ < G{\x\ + \y\) holds for all x,y (z G. 



2.2. The sub-Laplacian on stratified Lie groups. Let n = dimG, = dim 14 and let 

Xi, . . . , Xn be a basis for g as before. We require that Xj G for ni + . . . + n^-i + 1 < J < 
ni + . . . + TT-fc. In particular, Xi, . . . is a basis for Vi. Thus, the left invariant differential 

operators R{Xi), . . . , satisfy the Hormander condition |18) or [S]. We will use coordinates 

(xi, . . . , Xn) on g with respect to this basis. Note that those coordinates also form a global chart 
for G. In particular, the space V{G) of polynomial functions on G is just the space C[xi, . . . 
of polynomials in the coordinates (xi, . . . , 

Denote by ro(G) the algebra of left invariant differential operators on G. Recall that X RiX) 
defines a Lie algebra homomorphism into D(G) and R{q) generates B(G). Note that D(G) is 
contained in the Weyl algebra C[xi, . . . , x„, 9i, . . . , d„] of differential operators on g with polynomial 
coefficients. 
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Denote by 5(g) the usual space of Schwartz functions on g and set S{G) := S{g). Thus, the 
Schwartz functions on G are the smooth functions on G for which 

|/|jv := sup (1 + < oo forahiVGN. 

\a\<N,xeG 

The topology on S{G) is defined by the family of seminorms {| • Iat | G N}, see fTO|, Section 
D, Page 35. This topology does not depended on the stratification (Vi, . . . , Vm)- 

According to our previous notation, the conjugate linear dual of S{G) will be denoted by S*{G) 
and the conjugate dual pairing is denoted by (•,■). 

Define the space So{G) of Schwartz functions with vanishing moments by 



5o(G) := / G 5(G) 



/ x'^ f {x)d^{x) = for all multi-indices a G N" 
Jg 



The space Sq{G) is a closed subspace of S{G) with the relative topology, and it forms an ideal 
under convolution: S{G) * Sq{G) C Sq{G). The inclusion Sq{G) ^ S{G) induces a continuous 
linear map S*{G) 5q(G) with kernel V{G), and thus Sq{G) ~ S*{G)/V{G) in a canonical way. 
For the proof of these facts we refer to [13] . 

The sub-Laplacian operator on G is defined by 

ni 

C ■.= -S" R{Xif gB(G). 



i=l 

Note that C depends on the space Vi in the given stratification. As R{Xi), . . . ,R{Xni) satisfies 
the Hormander condition it follows that £ is hypoelliptic. Also, C is formally self-adjoint and: for 
any f,gG C^{G), {Cf,g) = {f,Cg) which follows by partial integration. The closure of C is also 
denoted by C and has domain P = {it G L'^{G) \ Cu G L^(G)}, where we use Cu in the sense of 
distributions. For more information we refer to jlS^ [Qj [TO]. A linear differential operator D on G 
is called homogenous of degree p if D{f o 7^) = aP[Df) o 7^ for any /. If X G Vj, then R{X) is 
homogeneous of degree j. It follows that is homogenous of degree 2k. For the spectral theory for 
unbounded operators we refer to [2Tj, in particular p. 356-370. Since the closure of £ is self-adjoint 
and positive it follows that £ has spectral resolution 

/•oo 

£= / AdPA, 
Jo 

where dP\ is the corresponding projection valued measure. For (p G L°°(]R"^) define the commutative 
integral operator on Lp'{G) by 

;>oo 

^(£) := / mdPx. 
Jo 

The operator norm is ||0(£)|| = ||(/>||ooi and the correspondence (j) ^ satisfies 

(a) (0^)(£) = 0(£)^(£); 

(b) 0(£)* = 0(£). 

Theorem 2.1 ([19j). Let G 5(IR+). Then there exists (p G S{G) such that 

^C)f = / * for all fe 5(G) . (3) 

The function is called the distribution kernel for (j), and from now on, if </> G 5(M"^) then 
(j) G 5(G) will always denote the distribution kernel for 0(£). The following two lemmas are simple 
applications of Hulanicki's theorem. 

Lemma 2.2. Let ip G 5(M^) with distribution kernel tp G S{G). Then the distribution kernel for 
ip is ip* where ■ip*{x) := ip{x~^). 
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Proof. Let f,g& S{G) and recall that ^{C) = tp{C)* . The claim follows now because 

(/, ^{Cyg) = {^{C)f\ g) = {f*ij,g) = {f,g*r). □ 
Lemma 2.3. Let p be a polynomial function on G. Then there exists /c G N such that C^p = 0. 
Proof. Let P € C[s] be such that p(exp(X)) = P{X). Define 

ni 

qxih, ...,tn,) ■■=Y^ P(log(exp(X) exp{tjXj))) . 
i=i 

As G is nilpotent, then there exists m such that qx is a polynomial of degree < m for all X € g. 
But then 

C'p{expX)= I -Ea^l <lx{0) = 
for all k > m/2 and aU X e g. □ 



If 7? G and t] is the corresponding kernel function, then we say that rj is band-limited if 77 

is compactly supported. In that case there exist e,5 > such that supp(r7) C [e,5]. 

Lemma 2.4. Let (f) G with (p = in some neighborhood of zero and let e,5 > 0. Then the 

distribution kernel (p of (j){C) lies in So{G), and for each m G N there exists (pm € such that 

(j) = C^cpm- Furthermore, supp((/)m) C [e,5\ if and only i/supp((/)) C [e,5\. 

Proof. Define (j)m{s) '■= s~"^4'{s). Then (j){C) = C"^(t)m{^) and by Theorem 12.11 and our assumption 
on (j) we have cpm G '5(G) for all m G N and (p = C"^<pm- Let p be any polynomial on G of degree 
k < 2m — 1. Then C™'p = and we have 

p{x)(Pix) dp{x) = [ p{x)C"'(Pm{x)dfi{x) = [ C"'p{x)(P„,{x) dfi{x) = 
G Jg Jg 

Thus (p has vanishing moments of arbitrary order. The last statement is obvious. □ 

If ^ G 5(M+) and (p has vanishing moments of all orders, then p * 99 = for all p G V{G). Hence 
(/ + V{G)) iH^ / * is a well defined linear map on Sq{G). 

2.3. Besov spaces. To define Besov spaces on an abstract stratified group G we begin as follows: 
Pick a multiplier ij) G C^(IR''') with support in [2~^,2^]. Denote by ip the distribution kernel of 
the operator ip{C) as before. Define 'tpjiX) ■= ip{2^'^^\). We assume that 

^ |V^j.(A)|2 = 1 a.e A G M+ . (4) 

Lemma 2.5. For ip G and r > 0. The distribution kernel ip'^ corresponding to the operator 

'ip{rC) is ip'^{x) = r' In particular, let ipj G S{G) denote the distribution kernel of 

the operator 'ipj{£). Then ipj{x) = 2^'^ip{2^x). 

This follows easily from the homogeneity of C The result is also true for bounded ip on M"^. For 
a proof see |10j Lemma 6.29. Equation (j4]) implies that 

Y,^,{cro;pj{c) = i, 
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where the sum converges in the strong L^-operator topology. By 1^ we therefore get the fohowing 
Calderon decomposition for all g G L?'{G): 

9 = ^2^ (5) 

jez 

where the series converges unconditionally in L^-norm. For g G So{G), the expansion ([5]) also 
converges in So{G) in the Schwartz space topology ([13], Lemma 3.7). Therefore by duality, for 
iSq(G) in the weak * topology. 

Assume that holds, and define the homogeneous Besov space Bp^{G) := B^^ for s G M, 
1 < p < oo and 1 < (7 < oo, to be the set of all / G Sq{G) for which 

1/9 

\2^''\\f*n\i\ (6) 



with the natural convention for when p = cxo or g = cxo. (Note that the convolution with a 
distribution is understood in the weak sense.) Here we collect some of properties of the homogeneous 
Besov spaces in the following lemma. For proofs we refer to |13] : 

Lemma 2.6. The following holds: 

(a) The Besov spaces Bt^ with norm 11 • lips are Banach spaces. 

(b) For all 1 < p,q < 00 and all s G M, one has continuous inclusion maps So{G) ^ Bp^ ^ 



Sq{G). And for any 1 < p,q < 00 and k G Nq, C Sq{G) is dense in Bp i^. 

(c) For any given 1 < p,q < 00 the decomposition ^ converges for all g G Bp ^ in the Besov 
space norm. 

(d) For any /c G N, |s| < 2A;, and any f G Sq{G) 

/ roo i/<? 

t-^'/'m)'e-''^f\\l^] . (7) 







lip ^ 



We note that the corresponding kernel function to ip{X) = {X)^e~^ is not in Sq{G) so we can 
not use ([7]) for our purposes. Our aim is therefore to show that we can replace this function with 
a bandlimited function. 

2.4. Equivalent norms on Besov spaces. The chief result of this section is stated in Theorem 
12.91 where the Besov norm ([6]) is described in terms of band-limited kernel functions with vanishing 
moments of all orders. 

In the sequel, we will use the notation to mean "<" up to a positive constant. 

Lemma 2.7. Let (p, -tp ^ 5(M+). Then for any r, s > and f G L'^{G) 

^{rC)i^{sC)f = ^{rs-^C)^{C)f = ^{C)^{sr-^ C)f . 

Proof. This follows easily from Lemma 12.51 and the equation ([3]). □ 

Lemma 2.8. Let (p,ip ^ C^^MJ^) and m G Z. Then there exists a constant c = c{m,ip,ilj) such 
that 

\\ip{rC)i;\\i < or"" Vr>0. 

Proof. By Lemma 12.41 we have ■0 = ^"^i^m for some ■i/'m £ <So{G). Denote the distribution kernel of 
^p{rC) by ^p^ G Sq{G). Then by the equation ^ 

mrC)ni = ||^(r/:)/:>^||i = \\{C^^^) * (^nii = llV'm * {JO-'^^IWI . 

Now, Lemma l2.5t the homogeneity of and Young's inequality for p = q = 1 implies 
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(r£)^||i < ||£'"^nii UmWi < r'"!|£"Vlli ll^mlli = c 
with c = II^C^V^IIi llV'mlli- 

The followmg is the main result of this section. 

Theorem 2.9. Let (p G 5(M"'") with compact support. Then for any f € Sq{G) 



□ 



l/ll 



dt 



t-^'^i^mofwi'^ 



(8) 



Proof. Fix 1 < p < oo. We first show that holds. Let ^ / G Sq{G) and assume that the 
right hand side in ([8|) is finite. We can rewrite the integral as follows. 



As (p{2 tC)f is in Sq{G) and that ([5]) converges in Sq{G) in weak * topology, we can write 



\m'2''tc)f\\. 



Y,${2''hc)f*^,*rj 



(9) 



By the left invariant property of the operator L and hence (p{2'^HC), along with an application of 
Young's inequality for p > 1 and Lemma 12.71 we get 



\wif'tc)f * V, * r^Wv < E ii^(2''i^)^*iii 11/ * ^jWp = E \m''^'^'^tc)r\\i 11/ * n 



V ■ 



By interfering the preceding in ([9|) and then multiplying both sides by 2 we obtain the following. 

2-'^||^(22't£)/||, < ^2-'^||^(22('+^-)t£)V*||i||/* (10) 
j 

= ^(2-('+^>||^(22('+^-)t£)V'*||i) (2^1|/*V,llp) • 
j 

To simplify the notations above, let ^* := 2^'^\\(p{2~'^HC)il;*\\i and Bj := 2^^\\f * i^jWp. Using 
new definitions and the definition of convolution on Z, the summation in the inequality (jlOp is a 
convolution on Z. Therefore the inequality can be rewritten as 

2-'^m2'HC)f\\,<{B,},*{A]U-l). 

Taking the sum on / G Z above and then again applying Young's inequality yields 

Y,'2-'''m2'hC)f\\l < \\{Bj}\\l\\{A'^}\\l . (11) 



Integrating both sides of ([TT]) over t in [1,4], substituting {A^j} back, and that ||{-Bj}| 
implies 

'E2^''ll^(2~'''i>C)V'*l|i 



f 

Jo 



sq/2 



(12) 



Therefore to complete the proof it remains to show that the sum in the preceding relation is 
finite. Without loss of generality, we shall prove this only for negative j's. For positive j the 
assertion follows with a similar argument. 
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Let m G Z with m < s/2. By Lemma 12.81 we have 

\\^{2-^HC)i;*\\i < c{2-'^Hr 

for some constant c independent of t and j. Now it is simple to see that the apphcation of the 
preceding estimation in the integral (jl2p for the summands over negative j implies the finiteness 
of the integral (jl2p for ni < s/2. For the positive j we take m > s/2. 

To show holds, let c = Jg°° This is finite by the choice of ip. By dilation invariance 

property of the measure dt/t, for any A > we can rewrite c = \(p{Xt)\'^ y- simplicity, we 
assume that c = 1. By substituting A i— £ and using the spectral theory for the sub-Laplacian C, 
we derive the following Calderon formula from the integral: 

1= / \^\\tc)-= / ^itcy^itc) - (13) 

Jo 1^ Jo ^ 

where / is the identity, and the integral converges in the strong sense. Applying (jl3p to ipj^C)/ 
and employing ipj{C)<f{tC) = (p{t£)il;j{C), we have 

^ r°° ^ lit ^ fif 

If il^j is the distribution kernel of ^j{C), then the distribution kernel of (p{2'^hC)*il)j{C) is 
(p{2'^hC)*ipj and for any g € 5q(G) we have 

(p{2^HC)* 'ij)j{C)g = g * (p{2'^hC)*'ipj (in the dual sense). 
In particular, for g = ip{2'^hC)f, in we have 

^j(^)/=/ E^(22^^^)/*^(22't£)>, - . (15) 

First, by applying Minkowski's inequality for integrals and series and then Young's inequality 
for p > 1, from ()15p we deduce the following. 

dt 

'illi 



Therefore for any g > 1 

||V^,(£)/||? r< (^5]||(?(22't£)/||, ||^(22't£)>,.|K j ^ . (16) 



If in LemmaOwe let r = 2^h and s = 2"'^^, then ip{2^hC)*ip{2-^^ C) = ^(22('+j)t£)*^(£) and 
consequently if{2'^h£)*ipj = ^(22('+j)t£)*^. Using this in ([l6]), taking sum over j with weights 2^^'^ 
and applying Fubini's theorem yields 



^2^^'^Uj{C)f\\1,< I ^2^-^W^||^(22't£)/|l, |l^(22{'+^-)t£)*V||i J 

\2-^'\\(p(fhC)!\\p 2(^'+')^||^(22('+J')t£)>||i 



1 , 

(it 
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The summation over / is a convolution of two sequences at —j. Therefore by Young's inequahty 
for q 

5;2^-^«||V^,(£)/||^< rj;2-'^^||^(22'i/:)/||^ ('^2-'^||^(2-2't/:)>||i'j |. (17) 

Note that the left side of ()17p is ||/||'^^ . And, by a similar argument used above, one can show 

that the sum 2"'''||^(2"2«i£)*^||^ fl^ite. With these and that 1 < t < 4, in ([IT]) we proceed 
as below. 



P,9 



This completes the proof of " ^ ". 

Using the standard convention, the proof of the theorem for the cases q = oo and p = oo is 
simple and we omit it here. □ 

We shall say a compactly supported function (p G is a cut off function on if </> = 1 in 

an open subinterval of its support. The following corollary generalizes the results of Theorem 4.4 
in pj. 

Corollary 2.10. Let (p be any cut off function on M+. Then for any ip S 

In particular one takes ip{X) = X^e~'^ for any A; E N. 

3. BeSOV SPACES AS COORBITS 

3.1. Some representation theory of stratified Lie groups. In this section we will look at 
some representation theoretic results for the semidirect product x G where acts on G by 
dilations. For any a > and any function / on G, define the dilation of / as follows 

Daf{x) = a-«/V(a-'x), 

where Q is the homogenous degree of G. Let vr denote the quasi-regular representation of the 
semidirect product x G defined by 

7r{a,x)f = £M, a>0, xeG (18) 

for all / S L^{G). The representation vr induces a family of infinitesimal operators tt°°{X) for X 
in the Lie algebra of x G 

vr-(X)/ = lim^^^^^P™:^, 

with limit in ^^(G). We use 7r°° to separate this from the weak derivatives we have used before, 
yet note that a strongly smooth function in So{G) is also both weak and weak* differentiable. 

Lemma 3.1. {tt,So{G)) and (7r°°,5o(G)) are representations o/M"^ x G and its Lie algebra respec- 
tively. 
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Proof. By Propositions 1.46 and 1.25 in [10] we already know that So{G) is invariant under the left 
translation. That 5o(G) is dilation invariant follows from the homogeneity of the norm | ■ |. From 
the seminorms j • Itv it is not hard to see that So{G) is invariant under left differentiation, and thus 
we only need to show that the differentiation arising from dilations leaves Sq{G) invariant. Let 
T = (1, 0) be in the Lie algebra of x G, then there exists polynomials pa such that 



t=o 

\a\=l 



where pa are polynomials of degree 1 in x. For this statement see p. 41 in [10] coupled with p. 25 
in [lOj. This proves invariance under the infinitesimal operator 7r°°(T) . □ 

The Haar measure on >< G is given by dfj,{x, a) = a~^^~^^'^ dx da where dx is the Haar measure 
on G. The following convolution identity is crucial to our main result. 

Lemma 3.2. Let u E Sq{G) he the distribution kernel for u with support away from zero satisfying 

'S^dA = l. (19) 
A 

Then with convolution on k G we have 

Wu{(t>) *Wu{u){a,x) = Wuma,x) 

for all(PeS^{G). 

Proof. Since n, w € Sq{G) have vanishing moments of all orders, then u * {Dav){x) = (n + pi) * 
Da{v + P2) for all polynomials pi,P2- Li particular if we let px be the right Taylor polynomium of 
homogeneous degree k for u around x, then 

u{y)v{a'^y'^x) = j u{xy)v{a'^y'^) dy = j {u{xy) - px{y))v{a'^y'^) dy. 

By the esimate of u{xy) — Px{y) from Lemma 3.2 in [T3] we therefore get 

\u*Dav{x)\<C{u,k) j a-^''^\y\^+^\v{a-^y-^)\dy 

<C{u,k)a^/^ J \ay\''+^\viy-'^)\dy 

< C(u,t;,A:,m)a^/2+fc+i(i + ^20) 
A similar inequality is obtained in (10) from [13J (note the dilation there is different from Da): 

\u*Dav{x)\ < C{u,v,k,m)a-^-^-^^^{l + \x\y'. (21) 

With these facts in place we are ready to prove the reproducing formula. Using the definition of 
vr, this is the same as showing that for all (f) € S*{G), a G and x (z G 

(t> * {Di,uy * {Dm) * {Dau)*{x) = (/) * {Dau)*{x). 

All convolutions involving u commute (by definition of u) and thus we need to show 

db 

lim / * {DauY * {Dbu) * {Dtu)*{x) toTT = * (Dau)*{x). 
Since (Dau) * (Dau)* = a~^f'^Da{u * u*) the assertion will follow if for all v G So{G) 

r-N 

ge,N{x) := / V* Db{u * u* 



^ _dh_ 
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converges in So{G) (by the spectral theory and (fT9|) the Umit is v). For g^^]\i to be Cauchy in 
5o(G) it suffices to show that for all m and \a\ < m we have 

/ sup(l + \xr)\R'{v * * u*)){x)\ TnTT <oo. 
Jo xeG 0^+^ 

This can be verified by choosing k and m large enough in (|20p (when 6 < 1) and (j2ip (when 
6>1). □ 

Remark 3.3. The integral ()19p is finite for any u G 5(M''') with support away zero. Therefore for 
the lemma one needs to normalize u such that the integral is one. 

3.2. Coorbit description and atomic decompositions for Besov spaces. In this section we 
show that the Besov spaces on stratified Lie groups can be described via certain Banach space 
norms of wavelet transforms (see Section 1). The Banach spaces of interest are equivalence classes, 
LFs'^ := Lf''^(M+ X G) for 1 <p,q< oo, s G R, of measurable functions for which 

ll/ILr = ^ljf{a,x)\Pdxy\-'^^/'^^ < oo . 

As a corollary to Lemma 12.61 (b) and Theorem 12.91 we note: 
Corollary 3.4. Let 1 < p,q < oo and s G M, then for any vector u G 5o(G) the mapping 

So{G) 3v^Wu{v)e LP'" 

is continuous. 

The main result of this paper follows: 

Theorem 3.5. Let u G 5(IR^) be compactly supported. Then u is an analyzing vector and, for any 
1 < J*, <? < oo and s G M, up to norm equivalence we have 

Furthermore, the frames and atomic decompositions from Theorem all apply. 

Proof. We first verify the conditions of Theorem 1 1 . 1 1 with S = So{G), B = Lf''^(R+ x G), and vr as 
given in ([TH]) . 

By Lemma 12.41 it is known that u is in Sq{G). Let (j) G Sq{G) such that {7r{a,x)u,(f)) = for all 
(a, x) G M"^ X G. By Theorem 12.91 d = in for all 1 < p, g < oo and s G M. The continuous 
embedding ^ ^ Sq{G) implies that </> = in 5q(G). Thus n is a cychc vector in S{G). 

The following Holder inequality and Corollary [33] imply the continuity of map ([T|) in Theorem ll.il 

< ll/llL-ll^«Wll^py 

where 1/p +l/p' = 1 and 1/q + 1/q' = 1, s' = s - 2Q/q'. 

The multiplier u satisfies (|19p (otherwise we normalize u), therefore the reproducing formula 
Wu{4>) * Wu{u) = Wu{4>) holds true by Lemma [3]2j Theorem 12.91 completes the proof of the first 
part. 

For the last statement we need to verify that the conditions of Theorem 11.71 are satisfied. The 
invariance of Sq{G) under 7r°° (and hence the invariance under weak derivatives) follows from 
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Lemma |3. 11 By Young's inequality derived below 



Jr+ Jg 



< /_ ljg{a,x)\ a-(«+i)dadx 



2Q+S 



and Corollary 13.41 for any \a\ < dim(R'^ x G), all convolutions 

B3 f^f*W^(^X'^^^{u)eB and B 3 f ^ f * Wuin* {X'')u) e B 
are continuous and thus the decompositions apply. □ 
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